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Calculation of a Three-Dimensional Shock Wave-Turbulent
Boundary-Layer Interaction

L. Cambier* and B. Escandef
Office National d’Etudes et de Recherches Aérospatiales, BP 72-92322 Chidtillon Cedex, France

This paper deals with the numerical simulation of a shock wave-turbulent boundary-layer interaction in a
three-dimensional channel by solution of the Reynolds averaged Navier-Stokes equations with a mixing-length
turbulence model. The numerical method is characterized by an explicit centered finite-difference scheme
associated with a multigrid convergence acceleration. The computed configuration is well suited to the validation
of a three-dimensional Navier-Stokes solver since the flow has a very complex three-dimensional structure,
although the channel geometry is simple. Comparison with experiment shows that the numerical results obtained
in a mesh containing about 600,000 points are satisfactory.

Introduction

RANSONIC shock wave-turbulent boundary-layer inter-

actions represent one of the main problems in fluid me-
chanics because of the occurrence of such interactions in a
variety of applications (including both external and internal
flows) and because of their significant influence on perfor-
mance. Important examples include the interactions occurring
on wings in transonic flight that induce harmful effects such as
drag rise as well as the interactions occurring in compressors
that can lead to considerable performance losses.

The prediction of shock wave-turbulent boundary-layer in-
teractions is therefore of great practical interest. For the sake
of simplicity, much of the effort in the past has obviously
focused on understanding the two-dimensional case. At Office
National d’Etudes et de Recherches Aérospatiales, numerical
results were obtained by solving the Navier-Stokes equations
for two-dimensional interactions and compared'? with mea-
surements? also performed at ONERA.

In practice, however, most of the interaction flows are
strongly three-dimensional and often incorporate large gradi-
ents of flow quantities in each of the three space directions.
Nowadays, the capacity of the available supercomputers al-
lows the tackling of this type of problem by solving the three-
dimensional Reynolds averaged Navier-Stokes equations.
Nevertheless, the quality of the numerical results strongly
depends on the turbulence modeling and on the mesh fineness.
The validity of a computational method must therefore be
carefully established by means of detailed comparisons with
reliable experimental data.

This paper presents the results obtained with a new three-di-
mensional Navier-Stokes solver for the computation of a com-
plex shock wave-turbulent boundary-layer interaction in a
transonic channel. The three-dimensional Navier-Stokes
solver has been built up from a three-dimensional Euler
solver* and a two-dimensional Navier-Stokes solver,® both
developed at ONERA. The numerical method is characterized
by an explicit centered finite-difference scheme associated
with a multigrid convergence acceleration. The three-dimen-
sional Navier-Stokes solver has been applied to a configura-
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tion defined and studied experimentally at ONERA.® The
detailed set of available experimental data has allowed the
evaluation of the quality of the numerical results.

Analysis

Flow Governing Equations

The theoretical model for this study is the compressible
Reynolds-averaged Navier-Stokes equations associated with
an algebraic mixing-length type turbulence model.

The Navier-Stokes equations for describing the mean flow
are written in the following compact form:

o B
—a—t + div(F - F,)=0 1)

where f = (o,pV, pE) denotes the unknowns, and the flux
densities F = (oV, pV x V + pl, pEV + pV) and F, = (0,7 +
7r,(7 + 7g)V — g — q,) represent the inviscid fluid terms and
the dissipative terms, respectively.

In the expression for f, p, V, and E denote the density, the
flow velocity, and the total energy per unit mass, respectively.

The equation of state for a perfect gas with constant specific
heats in a ratio C,/C, = v relates the static pressure p to p, V

and E by
V2
p=h- 1)p<E —7> 2)

A Newtonian fluid verifying Stokes’ hypothesis is consid-
ered, and the equations for the stress tensor 7 and the heat flux
density vector ¢ are written

= 2 = - -
T= —gudiv VI+u[VV+ v

g= —XVvT 3)

where u is the coefficient of viscosity, which varies as a func-
tion of the static temperature T according to Sutherland’s law,
and X is the coefficient of heat conductibility given by X =
C,/P,. (The Prandtl number Pr is assumed to be constant and
equal to 0.72.)

The expressions for the Reynolds stress tensor 7z and the
enthalpy turbulent diffusion flux density vector g, are given by
the turbulence model. The results presented in this paper have
been obtained with an algebraic turbulence model, which has
been chosen for simplicity sake in a first numerical investiga-
tion of a very complex flowfield. The tensor 7 and the vector
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g, are then related to the velocity gradient and the temperature
gradient by expressions analogous to Eq. (3), i.e.,

= 2 o= - -
TR = —gu,dlv VI+ u, [VV+ V7]

= ——=VT 4

The turbulent Prandtl number Pr, is assumed to be constant
and equal to 0.9, and the modeling of the turbulence then
comes down to evaluating the eddy viscosity coefficient u,. To
do this, we have used a mixing-length model initially devel-
oped by Michel, Quémard, and Durant’ within the framework
of the boundary-layer approximation and for two-dimen-
sional flows. This model is an inexpensive one-layer model
that we have already used for two-dimensional Navier-Stokes
calculations.'?* We are now going to discuss the implementa-
tion of this turbulence model in the three-dimensional Navier-
Stokes equation case.

Turbulence Model Implementation
The eddy viscosity coefficient is given by

ue = pl2F? |0 ®)

where @ denotes the vorticity ( = curl V), ¢ is the mixing
length, and F is the viscous sublayer damping function.

The normal derivative of the tangential velocity component
used in the original model’ for the boundary-layer equation
case is replaced in Eq. (5) by the magnitude | Q] of the vortic-
ity.

The mixing length ¢ is given by

¢=0.085 & tanh < kd ) (K = 0.41) (6)

0.0856

where d denotes Buleev’s ‘‘modified distance®”’ and & is a
“modified boundary-layer thickness.””’ The determination of
d and é will be described below.

The damping function F is given by

v
FO=1. —exp<—26—§<>,

It will be noted that the definition of the intermediate variable
¢ involves the coefficient y, and that, consequently, to deter-
mine u, by Eq. (5), an implicit equation has to be solved. In
practice, this equation is solved by a fixed-point method.

A modified distance d is used to account for the turbulent
length scale corresponding to the influence of several walls
(when there is only one wall, d is equal to the normal distance
from the wall). In the present study, turbulence is under the
influence of four walls. For a channel with a rectangular cross
section, the expression for the modified distance d at point M
is:®

;=p92“—:—;ﬂ|ﬁl ™

- 21210222
vyl + 2t + aNzi + yi vyl + 2 + naVyi + 2

®

where y, and y; are the distances of M from two opposite sides
of the section, and z; and z, are the distances of M from the
other two sides. Although the cross section of our channel is
not exactly rectangular everywhere, we have still used Eq. (8).

The values of the modified boundary-layer thickness 6 are
determined from the values of d at the edge of the boundary-
layer.’ More precisely, in each mesh plane (Y,Z), where the
coordinates Y and Z correspond to the indices of the dis-
cretization points (see Fig. 1), the edge of the boundary-layer
is searched for towards the four corners. It is defined as the

AIAA JOURNAL

ZA
Boundary layer edge

<Y

Fig. 1 Sketch of boundary-layer thickness determination.

points C,, C,, C;, and C,; of the four bisectors where the
magnitude | Q| of the vorticity is more than some value Q;. The
(Y, Z) plane is then divided into eight regions, as shown in Fig.
1. In the corner regions I, II, I, and IV, the value of ¢ is
treated as a constant in each region, respectively equal to the
value of d at points C}, C,, Cs, and Cy. In the region V, along
each mesh line Y = Const and towards the wall, the edge of
the boundary-layer (for example, point P) is located where
| 2] is more than Qy; the value of 6 on segment QR (see Fig. 1)
is constant and equal to the value of d at P. Regions VI, VII,
and VIII are treated in a way similar to region V.

Numerical Method

The numerical method is characterized by an explicit-cen-
tered finite-difference scheme associated with a multigrid con-
vergence acceleration; it is derived from the method presented
by Vuillot* for the three-dimensional Euler equations and by
Cambier, Couaillier, and Veuillot® for the two-dimensional
Navier-Stokes equations.

Numerical Scheme

Equation (1) is discretized using a two-step Lax-Wendroff-
type scheme; the dissipative terms are taken into account
according to Thommen’s idea.'®

The solution f7*! at time ¢”*! = ¢" + At is given by the
following two steps:

fn + =fn — éz_{ le (Fn - Fv") (9a)

SV = 1~ At div (F"+ % — F,%) (9b)

The space discretization of both divergence terms, div
(F"— F,") in the first step [Eq. (9a)] and div (F"* " — F,") in
the second step [Eq. (9b)] is performed using the contour
integral formula

r

divp = L

@ s on dS (10)

In the predictor step, the control volumes w are cells of the
basic mesh and dive (with ¢ = F" — F,") is obtained at the
centers of these cells. In the second step, the control volumes
w are the cells of a staggered mesh, the nodes of which are the
cell centers of the basic mesh and dive (with ¢ = F*+ " — F,7)
is obtained at the nodes of the basic mesh. The computation of
the contour integral {3,¢ 7 dS in Eq. (10) is detailed in Ref. 4.

The dissipative terms F, are calculated using central differ-
ence formulas and are stored at the mesh points. More pre-
cisely, the velocity gradient v ¥ and the temperature gradient
v T at a mesh point M of indices (i,/,k) are evaluated by the
following contour integral formulas:
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_ 1. B case,’? in the two-dimensional Navier-Stokes equation case,’
vV= V@ \ VxndS and in the three-dimensional Euler equation case.'?
‘ a“) (1 In comparison with Ni’s method, some time advance coeffi-
1 ~ cients have been introduced and optimized according to a
vT = m X Tn dS Fourier analysis carried out in the case of a one-dimensional

where the volume w is the cell of the staggered mesh, which
contains M and is defined by indices denoted (i :t%, 7 :t%,
k :t%). The contour integrals of Eq. (11) are evaluated by
assuming that V and T are constant on each of the eight sides

of the volume w [for instance the (kK ~ Dsidein Fig. 2] and are

calculated as the half-sum of the valuezs of Vand T at the two
neighboring nodes of the basic mesh (points M and P in Fig.
2).

Two artificial viscosity terms* consisting of a second-order
nonlinear term and a fourth-order linear term are added to
improve the stability properties of the scheme and to correctly
capture the flow discontinuities in the inviscid flow regions.

The local time step used in the computations is determined
from the following formula that takes into account the CFL
and diffusion limitations:

. h ph?
At =7 Min , (12)
V+a Ko
o (£ + 2
Pr  Pr,

where a denotes the speed of sound, 7 is a numerical coeffi-
cient of the order of unity introduced because of the approxi-
mate character of the criterion, and £ is a characteristic length
of the mesh size.

Multigrid Acceleration Technique

To accelerate the convergence towards a steady flow solu-
tion, a multigrid acceleration technique has been applied. This
technique is based on the multigrid scheme presented by Ni for
the two-dimensional Euler equations!! and was successively
applied at ONERA in the two-dimensional Euler equation

RUY ALY

(i-172, § + 172, k- 1/2) (i + 12, | + 1/2, k- 1/2)
Sl el T — =

(- 12, §- 12, k- 1/2) (i + 172, j- 12, k- 1/2)

Pi,jk-1)

Fig. 2 Sketch of dissipative term evaluation.

transport equation.’*

The multigrid acceleration applied to Eq. (1) consists of
integrating on coarse grids a residual system based on the time
derivation of the inviscid equations only. Thus, we use the
multigrid phase developed for the three-dimensional Euler
equations without modifying it.

The three-dimensional Navier-Stokes calculation described
here has been carried out using two coarse grids in the multi-
grid phase. The values of the time advance coefficients o and
Bx (defined for example in Ref. 5) were oy = 1, and 3, = 2*.

Results and Discussion

Description of the Configuration

The previously described Navier-Stokes solution procedure
has been applied to a configuration of a shock wave-turbulent
boundary-layer interaction in a three-dimensional transonic
channel. This configuration has been defined at ONERA and
tested experimentally in the ONERA S8 wind tunnel at Cha-
lais-Meudon. The experimental analysis of the flow was car-
ried out by Benay, Délery, and Pot.®

The geometry of the channel shown in Fig. 3 consists of
three flat walls and a humped lower wall. The upstream part
of the hump is a ramp, inclined approximately 7 deg from a
horizontal plane. This ramp is followed by a convex circular
surface and a concave circular surface defined so as to ensure
slope continuity everywhere. The angle formed by the hump
crest line and the channel axis is equal to 60 deg. The maxi-
mum height of the hump is 20 mm, whereas the channel
section is 120 mm wide and 100 mm high at the inlet.

This configuration is well suited to the validation of a
computation code. Indeed, although the very smooth channel
geometry has been defined to make it easy to discretize by a
numerical mesh, the flow generated with this geometry has a
very interesting complex three-dimensional structure.

The stagnation conditions in the experiment are the follow-
ing: stagnation pressure p, =92,000 Pa and stagnation tem-
perature 7, =290 K. The Reynolds number based on the
stagnation conditions and on the inlet section height H =100
mm is equal to 2.027 108,

Explored volume
with a laser velocimeter

Fig. 3 Definition of the transonic channel.®
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Computational Domain and Boundary Conditions

The computational domain extends from x = —30 mm to
x =560 mm, whereas the hump, starting at x =0 mm, stretches
to x =370 mm on side A (see Fig. 3).

In the experiment, the shock wave position is adjusted by
means of a second throat. In the computation, this position
results from the value of the static pressure imposed at the
downstream boundary of the domain. The static pressure
value in the computation (p,/p,,=0.545) has been adjusted to
give the experimental shock location at convergence. It was
not possible to set up the experimental value because the static
pressure had not been measured so far downstream.

In the upstream boundary of the domain, the boundary
conditions applied are the values p,, and 7,  of the stagnation
pressure and stagnation temperature as well as the direction of
the velocity, which is assumed to be parallel to the x axis. In
the experiment, the upstream boundary-layer thickness is very
small and does not need to be represented at this location.

At both upstream and downstream boundaries, the
boundary conditions applied are complemented by character-
istic relations to determine the complete set of variables. This
characteristic relation technique is founded on the mathemati-
cal properties of the hyperbolic systems'® and is also used in
the framework of the Navier-Stokes equations.’

Fig. 5 (65x61) mesh in a /-plane.
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At the walls, a no-slip condition is applied, and the temper-
ature is set at the stagnation temperature T,,. The static pres-
sure is computed by assuming its derivative to be zero along
the mesh line passing through the point considered and practi-
cally normal to the wall.

a) Computation

b) Experiment®

Fig. 7 Iso-Mach number contours in the plane y =30 mm in the
interaction region (AM =0.075).

y = 60 mm

y = 90 mm

Fig. 6  Computed iso-Mach number contours (AM =0.1).
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a) Computation

b) Experiment®

Fig. 8 Iso-Mach number contours in the middle plane (y =60 mm) in
the interaction region (AM =0.075).

Description of the Computation

The three families of mesh planes have been defined such
that the 7 planes, the j planes, and the & planes correspond
respectively to x planes, to y planes and to surfaces that are
interpolated between the humped lower wall and the flat upper
wall. Figures 4 and 5 show the mesh in a j plane and in an i/
plane. The number of mesh points is equal to 153 X 65x 61 =
606,645. The mesh is highly stretched in the j and k directions
near the four walls for an adequate resolution of the viscous
layers. The mesh size at the walls is equal to 0.008 mm in the
J direction and 0.010 mm in the k& direction, whereas the
spacing in the streamwise direction in the interaction region is
equal to 2 mm. At the abscissa x =260 mm located just up-
stream of the interaction, the maximum value of the mesh
spacing y * in dimensionless wall units is equal to 3.2 in the j
direction and to 3.8 in the k direction. Thus, the first row of
points adjacent to the walls is located inside the linear sub-
layer.

The initial conditions correspond to an inviscid one-dimen-
sional flow with a shock located at x =300 mm (approx-
imately at the experimental position).

The computing time on a CRAY-2 is equal to about 12 s for
one iteration (that is to say, 20 us for one iteration and one
mesh point). A plotting accuracy and a three-decade decrease
of the residuals are obtained after 5000 iterations.

Analysis of the Numerical Results

The computed flow is first represented in Fig. 6 with the
iso-Mach number contours in three planes parallel to the
lateral walls and located respectively at y =30 mm,
y =60 mm, and y = 90 mm. The strongly three-dimensional
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b) Experiment®

Fig. 9 Iso-Mach number contours in the plane y =90 mm in the
interaction region (AM =0.075).

structure of the flow in the interaction region and downstream
is clearly revealed by comparing the contours in the three
planes. In particular, a lambda shock pattern on the lower
wall can be observed in the first two planes whereas in the
plane y = 90 mm, the oblique shock of the lambda is consider-
ably weakened and nearly replaced by a continuous compres-
sion. Besides, the thickening of the lower and upper wall
boundary layers is far more important in the plane y = 30 mm
{which is the plane closest to side wall A where the hump last
peaks) than in the other two planes.

Figures 7-9 show a comparison of the computed and exper-
imental iso-Mach number contours in the interaction region in
the three previously considered longitudinal planes. The ex-
perimental values® have been obtained by using a three-com-
ponent laser velocimeter (the volume explored by the laser
velocimeter is shown in Fig. 3). Considering the experimental
contours, it should be noticed first that the boundary-layer is
nearly invisible upstream of the shock because the velocimeter
cannot operate very close to the wall, and second, that the
shock thickness is due to the plotting procedure which interpo-
lates linearly between the measurement points.

The comparison shown in Figs. 7-9 is satisfactory, espe-
cially if one takes into consideration that the mesh is probably
too coarse both in the / direction in the interaction region and
in the j and k directions in the center of the channel and that
the turbulence modeling is inadequate to the representation of
large separated regions. In particular, the computation cor-
rectly describes the evolution of the lambda shock wave struc-
ture as we move from wall A to wall B (that is to say, as y
increases). The most important discrepancy between computa-
tion and experiment takes place in the plane closest to wall 4,
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where too strong a thickening of the boundary-layers in the
interaction region is predicted by the computation.

The structure of the computed flow is also displayed by
Figs. 10-12, representing the iso-Mach number contours in
three transverse planes respectively located upstream of the
interaction (at x =260 mm), in the interaction (at x = 300
mm), and at the end of the interaction (at x = 340 mm).
Figures 10-12 show the major thickening of the boundary-
layers and the considerable phenomena appearing in the cor-
ners, the interpretation of which will be made easier by the
plottings of velocity vectors in the transverse planes. The trace

WALL A
WALL B

Fig. 10 Iso-Mach number contours in the transverse plane x =260
mm (AM =0.1).

- A

WALL A
WALL B

Fig. 11 1so-Mach number contours in the transverse plane x =300
mm (AM =0.1).

Fig. 12 Iso-Mach number contours in the (ransverse plane x = 340
mm (AM =0.1).

AIAA JOURNAL

of the oblique shock wave is visible in the plane x = 300 mm
(see Fig. 11).

Figures 13-15 show the velocity vector projections in the
same three transverse planes. In the first plane (at x = 260 mm
in Fig. 13), under the effect of the swept hump, the major
portion of the transverse flow runs from face 4 to face B and
from the upper wall to the lower wall; the transverse compo-
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Fig. 13 Velocity vector projections in the transverse plane x =260
mm (the dots correspond (o the vector origins).
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WALL A
WALL B

Fig. 14 Velocity vector projections in the transverse plane x =300
mm.

WALL B

Fig. 15 Velocity vector projections in the transverse plane x =340
mm.
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Fig. 16 Skin-friction lines on the lower wall.
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Fig. 17 Skin-friction lines on side wall 4.
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Fig. 18 Skin-friction lines on the upper wall.
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Fig. 19 Skin-friction lines on side wall B.

nent of the velocity is far greater near the lower wall than in
the remaining part of the flow. In the plane x = 300 mm (see
Fig. 14), the flow near the hump is greatly modified due to the
interaction effect, and a vortex appears in the corner formed
by the lower wall and wall A. Farther downstream (at x = 340
mm in Fig. 15), the extent of this vortex increases; near the
upper wall, the transverse component intensity becomes far
more important, and a vortex appears in each of the corners

formed by the upper wall and the two lateral walls.

The surface patterns obtained by the skin-friction lines in
the calculation and the viscous coating technique in the exper-
iment provide valuable help in understanding the structure of
a complex three-dimensional flow. Figures 16-19 show a com-
parison between the ‘‘postulated’’ experimental skin-friction
lines® and the computed skin-friction lines on the four walls.
The experimental skin-friction lines are said to be postulated
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because they have been obtained from an interpretation of the
viscous coating visualizations in light of topological laws in-
volving the numbers of singular points classified as nodes,
saddles, and foci. Agreement between computation and exper-
iment is satisfactory on the side walls 4 and B (see Figs. 17 and
19) where the main features observed in the experiment are
qualitatively well predicted by the computation. On the other
hand, there are important discrepancies on the lower wall (see
Fig. 16) where the computed structure is much simpler than
the experimental one, and on the upper wall (see Fig. 18)
where the numerical results are difficult to interpret. These
discrepancies could probably be reduced by better grid resolu-
tion and turbulence modeling. However, a slightly different
shock location between computation and experiment can also
explain the skin-friction field disagreement since the flow
structure has been found to be very sensitive to the shock
location both in the computation and in the experiment, espe-
cially on the lower wall.

Concluding Remarks

A shock wave boundary-layer interaction has been simu-
lated by numerically solving the Navier-Stokes equations. The
results obtained in a mesh containing about 600,000 points
and with a simple algebraic turbulence model are satisfactory
since the calculation correctly represents some interesting fea-
tures of the experimental flowfield. However, this is only a
preliminary numerical investigation of a complex three-dimen-
sional turbulent flowfield, and some important discrepancies
between computation and experiment still exist. Further study
is needed to explain and reduce the discrepancies. The two key
issues that would improve the numerical results are certainly a
better mesh resolution and a more sophisticated turbulence
modeling.
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